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Abstract 
The Rhodes Gyre, a prominent feature of the oceanography of the eastern Mediterranean, is modelled 
as a vertical, continuous ﬂow, cylindrical reactor illuminated during the day at its upper end. If the Gyre 
is supposed to be in a steady state whilst the concentrations, C, of a chemical are being measured, the nett 
rate of formation or consumption of the chemical is given by −w�C/�z + u�C/�r, where  w is the upward 
velocity of the water in the vertical, z , direction and u is the velocity of the water in the radial, r, direction. 
The behaviour of w and u is analysed to show that the Gyre may be used as a ﬁeld laboratory in which 
rates of chemical change may be derived from depth proﬁles together with values of the surface velocities of 
the Gyre waters. 
In contrast, the central Black Sea is modelled as an ideal, strongly stratiﬁed sea in which the nett rates 
of formation or consumption of chemicals under steady state conditions are given by D� d
2C/d�2, where  � is 
the water density and D� is an eddy diﬀusion coeﬃcient. Computations reveal that, given better knowledge 
of its eddy diﬀusion coeﬃcients, the Black Sea can also be treated as a ﬁeld laboratory where rates of 
reaction mediated by bacteria may be derived from depth proﬁles. 
Key words: Rhodes Gyre, Black Sea, Modelling, Rates of reaction, Water density. 
Introduction	 chemicals and the population densities of phyto­
plankton as a function of depth at selected loca-
Chemical oceanography strives to determine the re-	 tions. The usefulness of the data is increased if the 
actions, and indeed their mechanisms, occurring at	 measurements are repeated at least seasonally for a 
all locations and depths of the world ocean. Cur-	 number of years. This data-set is complemented by 
rently chemical oceanographers determine ‘depth	 determinations of the physical oceanography at the 
proﬁles’, that is the concentrations of interacting 
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same depths and locations. Such measurements per­
mit the formulation of hypotheses relating the con­
centrations of the diﬀerent chemicals and the growth 
of phytoplankton. These hypotheses are usually non-
quantitative, which makes it diﬃcult to proceed fur­
ther. Neither the rates of chemical reactions nor 
the rates of phytoplankton growth are commonly 
measured and straightforward interpretation of the 
depth-proﬁles is frequently inhibited by the advent 
of ‘intermediate layers’ of anomalous sea-water. De­
scriptions of the chemical and biochemical processes 
occurring in a sea would be much more complete 
were the ‘water columns’ to resemble chemical engi­
neering reactors. Serendipitously, such a major sim­
pliﬁcation of physical oceanography occurs twice in 
the seas around Turkey. The 2 circumstances oc­
cur in dissimilar seas and involve contrasting chem­
ical reactors. In the central Black Sea it has been 
found (Tug˘rul et al., 1992) that, to a ﬁrst approxi­
mation, chemical concentrations are functions solely 
of the water density, �. In other words, concentra­
tions of chemicals are constant in layers of equal den­
sity, isopycnals, right across the central basin though 
the isopycnals may be far from horizontal. In later 
sections we shall examine the mathematical conse­
quences of this simpliﬁcation. 
Whereas the centre of the Black Sea is moder­
ately fertile, in general, with one notable exception, 
the open sea in the eastern Mediterranean is a desert. 
The exception is an anticlockwise Gyre of water 10­
50 km in radius somewhat south of Rhodes. The ro­
tation of this column of water raises chemicals from 
the sea-bed towards the surface and, in so doing, 
encourages the growth of phytoplankton. The den­
sity, temperature and salinity of the water within the 
Gyre are essentially constant. In complete contrast 
to the central Black Sea most of the water column is 
well mixed. Indeed, the height of the Gyre being at 
least a kilometre, the swirling column of water forms 
a well stirred, vertical, continuous ﬂow, biochemical 
reactor illuminated—during the day—at its upper 
end. We shall now show that the consequent math­
ematics appears interestingly simple. 
The Rhodes Gyre 
The Rhodes Gyre 
The Rhodes Gyre, a distinct vertical cylinder of east­
ern Mediterranean water to the south of the island of 
Rhodes, rotates anticlockwise, the rotation presum­
ably being a result of the wind driven basin circu­
lation and the interaction of the Mid-Mediterranean 
Jet and the Asia Minor Current as they pass over 
the Rhodes Trench (Figure 1). The rotation causes 
water, comparatively rich in nutrients, to rise from 
the bottom of the sea to the surface and in conse­
quence the Gyre is much more fertile than the rest 
of the eastern Mediterranean. The oceanography of 
¨ the Gyre has been well studied (Ozsoy et al., 1991, 
1993; Theocharis et al., 1993; Yılmaz et al., 1994, 
1999; Ediger et al., 1999; Napolitano et al., 2000). 
Our problem is to determine the rates of the chem­
ical reactions that occur throughout the Gyre from 
the distribution of soluble chemicals and the vertical 
velocity of the sea-water. Figure 2 portrays typical 
depth proﬁles in the Gyre. 
Napolitano et al. (2000) give references to previ­
ous explorations of the Gyre and describe how depth 
proﬁles may be simulated by the numerical integra­
tion of a sequence of coupled partial diﬀerential equa­
tions making use of the Princeton Ocean Model (Mel­
lor, 1990). The model emphasises the importance of 
vertical eddy diﬀusion coeﬃcients and the rates of 
change of all biological species are assumed to follow 
from Michaelis-Menten equations. 
Figure 2 shows the water in the Rhodes Gyre to 
possess a rather uniform temperature, salinity and 
density. Unlike in previous computer simulations the 
Gyre will be regarded as a continuous ﬂow reactor 
(Figure 3). It will be assumed that, the water in the 
Gyre being essentially homogeneous, the variation of 
its density, �, with depth, z, can be neglected. 
The Model 
Given a system of cylindrical polar coordinates, z 
(measured vertically downwards; z is zero in the up­
per surface, the air-sea interface of the Gyre), r and 
�. The corresponding velocities of the water in this 
system are w (vertically upwards), u (radial) and v 
(at right angles to u – rotation). Assume w, u and 
v to be independent of �, that is, assume circular 
(axial) symmetry. Consider an elemental torus (an­
nulus) (Figure 3): 
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Figure 1. Schematic of surface circulation features in the Eastern Mediterranean Basin (from Roussenov et al., 1995). 
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Figure 2.	 Depth proﬁles in the Rhodes Gyre (Autumn 1999) of Salinity (S) Temperature (T), Dissolved Oxygen (DO), 
NO3 (N), PO4 (P) and N/P ratio (N/P), Chlorophyll-a (CHL-a), Fluorescence (Fluor), suspended particulate 
organic carbon (C), nitrogen (N) and SPOC/SPON ratio (C/N). 
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Figure 3. Elemental torus in the Rhodes Gyre assuming circular-axial symmetry. 
Conservation of water mass (equation of continu­
ity): 
The ﬂux of water mass in the upward direction is 
−2σr(dr)�w + 2σr(dr)�(w + �w/�z(dz)) 
= 2σr��w/�z.dzdr 
The radial ﬂux of water mass perpendicular to 
the z axis is 
2σr�u(dz) − 2σ(r + dr)�(dz)(u + �u/�r(dr)) 
= −2σ�(r�u/�r + u)drdz 
The total ﬂux of water mass must be zero. 
Therefore, 
2σr��w/�z.dzdr = 2σ�(r�u/�r + u)drdz, 
�w/�z = �u/�r + u/r 
or 
r�w/�z = �ru/�r (1) 
Conservation of soluble chemicals: 
One proceeds similarly to the conservation of wa­
ter mass. 
Let the concentration in the Gyre of a selected 
soluble chemical be C(z, r). 
Then the vertical ﬂux of the selected soluble 
chemical is 
−2σr(dr)Cw  +2σr(dr)(w +�w/�zdz)(C +�C/�zdz) 
= 2σrdrdz(w�C/�z + C�w/�z) 
The radial ﬂux of the selected chemical perpen­
dicular to the z axis is 
2σurCdz − 2σ(r +dr)(C + �C/�rdr)(u + �u/�rdr)dz 
Therefore, if R(C) is the rate of change (nett rate 
of formation or consumption per unit volume) of the 
selected chemical due to chemistry or biochemistry, 
2σrdrdzdC/dt = R(C)2σrdrdz 
+2σrdrdz(w�C/�z + C�w/�z) 
−2σC(r�u/�r + u)drdz − 2σru�C/�rdrdrdz 
or 
rdC/dt = rR(C)+r(w�C/�z+C�w/�z)−C(r�u/�r+u) 
−u�C/�r 
Whence, from (1) 
dC/dt = R(C) +  w�C/�z − u�C/�r (2) 
and in a steady state 
R(C) =  −w�C/�z + u�C/�r (2a) 
Equation (1) shows that along the axis, where r = 
0, u must be zero (unless �w/�z be inﬁnite). There­
fore along the axis Eqs. (2) and (2a) are particularly 
simple since the term u�C/�r disappears. 
Equation (1) is the standard equation of conti­
nuity of a ﬂuid expressed in cylindrical polar co­
ordinates with circular (axial) symmetry. It has been 
derived here from ﬁrst principles so as to emphasise 
that Eqs. (2) and (2a) take radial (and rotational) 
ﬂow into account even along the axis where the equa­
tions appear one dimensional. 
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It is Eq. (2a) that one wishes to use. If one 
assumes the Gyre to be in a steady state through­
out the duration of measurements, then Eq. (2a) 
shows how R(C), and thus the chemical oceanogra­
phy within the Gyre may be determined from the 
derivatives of C with respect to depth. Depth proﬁles 
of C are and have been measured routinely (Figure 
2). It should be remarked here that whereas previ­
ous models of the Rhodes Gyre (e.g., Napolitano et 
al., 2000) have described depth proﬁles in terms of 
eddy diﬀusion coeﬃcients, the derivation of Eqs. (1), 
(2) and (2a) has ignored eddy diﬀusion of C within 
the homogeneous water column and R(C) is given in 
terms of the velocities of the water, w and u. In fact 
the neglect of eddy diﬀusion is only apparent since 
the eﬀects of turbulence are incorporated into R(C) 
itself. To illustrate, suppose R(C) to be the rate of 
interaction (reaction) of two species 1 and 2. Then 
R(C) may be expressed, 
R(C) =  P1P2C1C2, (3) 
where P1 is the probability of an entity (molecule) 
of species 1 colliding with an entity of species 2; P2 
is the probability of the 2 colliding entities interact­
ing (reacting) and C1 and C2 are the concentrations 
of the 2 species. Depending on the nature of the 
interaction P2 may depend on such parameters as 
temperature, light intensity and the energy of the 
collision. P1, and the energy of the collision will de­
pend on the nature and intensity of the turbulence. 
Since w is positive, Eq. (2a) shows R(C) to be 
negative when C increases with depth down the axis 
of the Gyre. Thus nitrate concentrations increase 
with depth, with nitrate being consumed everywhere 
along the axis of the Gyre, particularly within the 
nitracline. This is rather obvious. Consideration of 
phytoplankton growth along the axis of the Gyre is 
more interesting. 
The related depth proﬁles of phytoplankton, 
chlorophyll-a ﬂuorescence and particulate organic 
carbon within the Gyre are all very similar in in­
creasing with depth to a maximum towards the bot­
tom of the euphotic zone and subsequently decreas­
ing with further increase in depth (Figure 2). Thus, 
in the surface of the euphotic zone where � C/�z 
is positive, phytoplankton populations increase with 
nitrate and phosphate concentrations at increasing 
depth along the axis of the Gyre whereas light in­
tensity diminishes. It is tempting to suppose one 
is observing nutrient limited growth of phytoplank­
ton. At the bottom of the euphotic zone, below the 
phytoplankton maximum, where �C/�z is negative, 
light intensity continues to diminish and phytoplank­
ton populations decrease although nitrate and phos­
phate concentrations increase markedly. It appears 
that phytoplankton growth is light limited along this 
region of the axis. 
If Eq. (2a) pertains to phytoplankton popu­
lations, the previous description of phytoplankton 
growth implies that in the surface waters of the Gyre 
phytoplankton cells are sedimenting—at least down 
the axis—but in the bottom of the euphotic zone 
the cells are being borne upward by the upwelling 
water of the Gyre. Clearly, further work is necessary 
to conﬁrm this interpretation. The phenomena are 
subtler in that some species of phytoplankton can 
modify their density so as to approach the surface 
during hours of darkness and phytoplankton popu­
lations may vary diurnally in consequence. 
To quantify R(C) one needs estimates of w and 
u. It appears impractical to determine w in the 
ﬁeld. One therefore needs a method of calculating 
w from other observable parameters. If the water in 
the Gyre is assumed to be not only incompressible 
but also inviscid, calculation of w involves applica­
tion of the Euler or Bernoulli equations to the ﬂow 
in the Gyre. However, signiﬁcant information can be 
obtained from Eq. (1). 
Suppose one writes 
w = w(z)w(r) 
and 
u = u(z)u(r). 
Then, from Eq. (1), 
w(r) = (Sr)−1 d{ru(r)}/dr, (4) 
where S is a separation constant. 
Equation (1) shows u to be zero along the axis of 
the  Gyre and  one expects  u(r) to become zero when 
r is large. Thus, u(r) passes through a maximum. 
Consequently Eq. (4) indicates w(r) and hence w to 
change sign at the value of r at which d{ru(r)}/dr 
is zero. At a suﬃcient distance from the centre of 
the Gyre there is no longer upwelling, and the water 
ﬂows downwards to the bottom. 
The simplest mathematics assumes the angular 
momentum to be conﬁned to the axis of the Gyre 
and, accordingly, w and u to be derived from a ‘po­
tential’ Π such that 
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Del2(Π) = 0 
and 
w = −�Π/�z and u = �Π/�r 
relationships that satisfy Eq. (1). 
Under these circumstances one ﬁnds 
w = Ak{exp(kz) − exp(−kz)}JO (kr) (5a) 
and 
u = Ak{exp(kz) +  exp(−kz)}J1(kr), (5b) 
where k is a separation constant and JO and J1 are 
zero and ﬁrst order Bessel functions. 
A is a constant given by the boundary conditions. 
Note that when r is zero along the axis of the 
Gyre, the zero and ﬁrst order Bessel functions are 
unity and zero, respectively. 
When kz is small 
w = 2Ak2zJO (kr) (6a) 
and 
u = 2AkJ1(kr)  (6b)  
and u does not vary with depth when kz is small. 
Boundary conditions and characterisation of 
the model 
At the surface the Bessel function J1(kr), giving the 
radial velocity of the Gyre, is zero at the centre of 
the Gyre, increases to a maximum and decays again 
to zero as we have discussed following Eq. (4). Sup­
pose future ﬁeld experiments indeed show the radial 
velocities of the surface waters to ﬁt a Bessel func­
tion J1 (kr). The eﬀective radius rO of the Gyre may 
then be deﬁned as the radius where u is zero. That 
is, where krO = 3.835, since J1(3.835) = 0. Thus 
k�4/rO = 2-4x10−4 m−1 if, as observation suggests, 
rO is usually 1-20 km. kz is likely to be small and 
Eq. (6a) to be applicable down to depths of at least 
750 m. Equation (6a) indicates w to become zero 
and change sign where kr is 2.405 (JO (2.405) = 0). 
At this value of r upwelling ceases and this may be 
a more practical deﬁnition of the boundary of the 
Gyre. The absence of upwelling and the commence­
ment of downwelling suggest the edge of the Gyre 
will be indicated as a region of great infertility but, 
since we have ignored eddy diﬀusion, the model can­
not be expected to be accurate when w is near to 
zero. 
It may, therefore, be more accurate to determine 
k from the distance from the central axis at which 
the radial velocity is a maximum. This maximum 
value of the radial velocity occurs when the Bessel 
function J1 (kr) is a maximum, that is when kr = 
1.845. Thus, measurement of the maximum value of 
u enables A to be determined from Eq. (6b). Equa­
tions (6) may now be used to compute w and u. 
Rates of consumption of nitrate and phos­
phate 
Equations (2a) and (6a) show the biochemical rates 
of change of nitrate and phosphate down the axis of 
the Gyre to a depth of 300m to be calculable from 
R = −constant z�C/�z, (7) 
the constant being determinable from measurements 
of radial velocities in the surface water. This is ex­
citing chemical oceanography. 
Table 1 shows the relative rates of consumption— 
in arbitrary units of nitrate and phosphate 
concentrations—down the axis of the Gyre during 
the autumn of 1999 calculated from Figure 2. Un­
fortunately, the corresponding population densities 
of phytoplankton were not measured but Table 1 
includes relative rates of consumption per unit of 
Particulate Organic Carbon (POC). The Table sug­
gests, perhaps surprisingly, that the phytoplankton 
cells consumed most actively at around 125-150 m 
depth. 
The above analysis, including the calculation of 
Table 1, will remain valid in the top 300 m of the 
Gyre even if the assumptions underlying Eqs. (5) are 
incorrect—that is, should experiment show u not to 
be a ﬁrst order Bessel function of r—providing the ra­
dial velocity of the Gyre, u, is independent of depth. 
Under these circumstances let 
u = a1r + a2r 2 + a3r 3 + . . .  ,  (8a) 
whence, from Eq. (1), 
w = 2a1 + 3a2r + 4a3r 2 + . . .  .  (8b) 
The constants an can be determined experimen­
tally from measurements of the radial velocities in 
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surface waters and thus w may be computed at 
known depths and used to calculate rates of change 
(Eq. (2a)). 
The ability to derive rates of consumption from 
Eq. (2a) should enable future work to relate these 
quantities to the light intensities in the water column 
and the concentrations of nutrients. In other words, 
future work should derive quantitative expressions 
for the rates of consumption by phytoplankton cells 
inhabiting the Gyre. 
The Black Sea 
An ideal, strongly stratiﬁed sea 
Quite generally the distribution of the concentration, 
C, of a soluble chemical or nutrient throughout a sea 
is described by the partial diﬀerential equation: 
dC/dt = DX �2C/�x2 +DY �2C/�y2 +�/�z(DZ �C/�z) 
+u�C/�x + v�C/�y + w�C/�z + R(C). 
(9) 
Equation (9) is the law of conservation of mass 
for the chemical; the ﬁrst 3 terms on the right-hand 
side express the diﬀusion of the chemical, the next 3 
terms express its advection, whilst R(C), which may 
be a function of C, represents the nett rate of change 
of concentration due to all chemical, biochemical and 
geochemical reactions1 . 
It is a major objective of chemical oceanography 
to determine R(C) from Eq. (9) by the utilisation of 
measured depth proﬁles. Usually it is very diﬃcult 
to accomplish this objective. 
Certain seas cease to be well stirred in the depth 
direction, z, and become stratiﬁed. That is, their 
temperature, water density, and chemical concentra­
tions vary signiﬁcantly with depth. Here we deﬁne 
an ideal, strongly stratiﬁed sea by the equation 
C = C(�). (10) 
That is, the concentration of any selected chem­
ical in the sea can be expressed as a function of the 
water density, �, only (Figure 4). 
In such an ideal, strongly stratiﬁed sea Eq. (9) 
simpliﬁes markedly and one ﬁnds quite rigorously 
(Appendix A) 
D� d
2C/d�2 + R(C) = 0, (11a) 
where 
D� = DX (��/�x)2 + DY (��/�y)2 + DZ (��/�z)2 . 
(11b) 
Table 1. Relative rates of consumption (arbitrary units), z�C/�z, in the Rhodes Gyre, Autumn, 1999. 
Depth (m) 
0 
25 
50 
75 
100 
125 
150 
175 
200 
225 
250 
275 
300 
z �NO3/�z 
0 
0.004 
0.575 
5.12 
7.08 
4.5 
3.0 
2.22 
1.96 
1.845 
1.475 
1.24 
1.11 
z �NO3/�z
 
per unit of POC
 
0
 
small
 
small
 
1.97
 
4.16
 
2.8
 
2.0
 
1.64
 
1.63
 
1.68
 
1.38
 
1.20
 
1.11
 
z �PO4/�z 
0 
0.0025 
0.0050 
0.009 
0.0232 
0.31875 
0.4 
0.175 
0.13 
0.10 
0.075 
0.063 
0.060 
z �PO4 /�z
 
per unit of POC
 
0
 
small
 
small
 
0.00335
 
0.014
 
0.20
 
0.27
 
0.13
 
0.11
 
0.092
 
0.07
 
0.061
 
0.06
 
1Note that, in starting from (9) we have ignored the interesting problem of the calculation of the eddy diﬀusion coeﬃcients DX , 
DY and DZ and approximated (simpliﬁed) by supposing the currents u, v and w and the eddy diﬀusion coeﬃcients DX and DY 
to be constants. The eddy diﬀusion coeﬃcient in the depth direction, DZ , is a function of z. 
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Air -sea interface 
C1=C( σ1) 
σ1 
σ2 
C2=C( σ2) 
Ci=C( σi ) 
σi 
x 
y 
z 
Water densities, 
σ are functions 
of x , y and z 
The concentration, C ofi 
a selected chemical is a 
function of σ only 
Figure 4. Model of a strongly stratiﬁed sea. 
Notice that Eq. (9) and (11.2) are expressed in 
partial derivatives but Eq. (11.1) is an ordinary dif­
ferential equation. One sees Eq. (10) to imply the 
concentration C(�) to be in a steady state in terms 
of water density, its variation with � being controlled 
by a straightforward diﬀusion equation. 
Equation (11.1) appears to be novel; it shows 
that if, in an ideal, stratiﬁed sea one measures depth 
in terms of water density, the distribution of chem­
ical concentrations follows a simple one dimensional 
diﬀusion equation in which (Appendix A) advection 
terms do not occur (though advection may appear 
indirectly by changing the water density in the x, y 
and z directions). Naturally, understanding of the 
distribution of water density within a strongly strat­
iﬁed sea still requires 3-dimensional modelling of the 
basin. 
Equation (11.1) is important in that it shows that 
in any ideal, strongly stratiﬁed sea the nett rates of 
consumption or formation of chemicals or nutrients, 
R(C), may be obtained from numerical diﬀerentia­
tion of the appropriate depth proﬁle, a much sim­
pler operation than manipulating Eq. (9). We give 
examples in the next section. The only physical pa­
rameter occurring in Eq. (11.1) is the eddy diﬀusion 
coeﬃcient, D�, and Eq. (11.2) implies that com­
plete understanding of this parameter will require 
3-dimensional modelling of the basin. Diﬀusion co­
eﬃcients in the x and y directions generally being 
much larger than those in the vertical, z direction 
(Kolmogorov 4/3 law), Eq. (11.2) shows these pa­
rameters to dominate D� (despite the fact that par­
tial derivatives ��/�x and  ��/�y are often smaller 
than ��/�z), when the isopycnals slope. That is, if 
Eq. (9) were to be valid, vertical mixing would be 
greatest in those regions of the sea where such to­
pography as sea mounts and shelf breaks cause the 
isopycnals to slope in the x or y directions. 
In the middle of an ideal, strongly stratiﬁed sea 
where water density varies solely with depth, Eqs. 
(11.1) and (11.2) reveal R(C) to be a function of 
water density and zones in which R(C) represents a 
source or a sink are delineated by the isopycnals at 
which the second derivatives of concentration with 
respect to water density are zero. 
The Black Sea 
The previous section introduced a new equation, 
(11.1), that enables the nett rates of formation or 
consumption of chemicals in any strongly stratiﬁed 
sea to be determined from the second derivatives of 
their depth proﬁles provided depths are described in 
terms of water density. Table 2 uses observations of 
the Black Sea to illustrate the procedure, its limita­
tions and the conclusions that can be drawn. 
The Black Sea, being the world’s largest anoxic 
basin, its chemical oceanology has received much 
¨ ¨ study (Og˘uz et al., 1996, 2000; Ozsoy and Unlu¨ata, 
1997). Earlier quantitative simulations of the depth 
proﬁles of chemicals in the Black Sea often assumed 
concentrations to be a function of depth, z, but not 
of x or y (e.g., Brewer and Murray, 1973; Og˘uz et al., 
1996). However, Tug˘rul et al. (1992) demonstrated 
Eq. (10) to be valid to a ﬁrst approximation through­
out the central Black Sea and consequently it is Eq. 
(11.1) which should describe the depth proﬁles. 
Equation 11.2 indicates vertical mixing to be 
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greatest where the shelf slopes at the boundaries can discuss the recent nitrate proﬁles observed by 
of the basin, which is where, as intuition suggests, R/V Knorr and R/V Bilim. While Eqs. (11) are 
land-based inputs of nutrients mix vertically into the inevitably an approximation to the behaviour of the 
water-column. Subsequent mixing occurs ‘horizon- central Black Sea, the simplicity of Eq. (11.1) im­
tally’ from the boundary to the centre of the basin plies that its numerical integration will be signiﬁ­
along isopycnal surfaces. Detailed mixing processes cantly more accurate than numerical manipulation 
are reviewed by ¨ Unl¨ of Eq. (9). Ozsoy and ¨ uata (1997)—see their 
Figures 18 and 22 for examples. Here we apply Eq. 
(11.1) to the depth proﬁles of the silicate, ammo- Table 2 presents depth proﬁles of the concentra­
nium and hydrogen sulphide concentrations observed tions of silicate, ammonium and hydrogen sulphide 
in the centre of the basin by Russian oceanographers deduced from observations (Brewer, 1971) from 5 
and collated by Brewer (1971). Unfortunately, more stations above the abyssal plain of the central Black 
recent and probably more accurate observations do Sea. The Table considers depths in excess of a water 
not extend to the bottom of the basin although one density of 16.0 where Eq. (10) was seen to apply; the 
Table 2. Variation of dissolved silicate, ammonium and hydrogen sulphide concentrations with water density. Calcu­
lated* from Brewer and Murray (1973). 
� 16.0 
S 3.2 
(d�/dz)2 150 
SiO4 50.2 
d2SiO4/d�2 57.5 
FSiO4+ 8.6 
FSiO4 3.0 
NH4 0.45 
d2NH4/d�2 0.5 
FNH4+ 0.08 
FNH4 0.03 
H2S 0.03 
dH2S/d�2 19.7 
FH2S+ 3.0 
FH2S 1.0 
16.1 
3.2 
110 
53.2 
132 
14.5 
5.8 
1.12 
3.2 
0.35 
0.14 
0.25 
44.5 
4.9 
2.0 
16.2 
3.2 
86.5 
57.5 
135 
11.7 
7.0 
1.77 
22 
1.9 
1.1 
1.03 
76 
6.6 
3.9 
16.3 
3.2 
64 
63.2 
30 
1.9 
1.5 
3.03 
35 
2.2 
1.8 
2.45 
172 
11.0 
8.8 
16.4 
3.15 
46 
69.1 
18 
0.83 
0.83 
4.35 
75 
3.45 
3.5 
5.13 
484 
22.2 
22.2 
16.5 
3.15 
30 
75.3 
80 
2.4 
2.9 
6.37 
118 
3.5 
4.2 
13.2 
435 
13.1 
15.7 
16.6 
3.15 
18 
82.5 
141 
2.5 
3.3 
9.63 
192 
3.45 
4.5 
25.5 
271 
4.9 
6.3 
16.7 
3.1 
10.6 
91.3 
157 
1.7 
2.3 
14.8 
256 
2.7 
3.8 
40.7 
454 
4.8 
6.7 
16.8 
3.1 
5.1 
101.3 
145 
0.74 
1.0 
22.5 
265 
1.4 
1.9 
60.5 
872 
4.4 
6.2 
16.9 17.0 17.1 
3.0 2.95 2.85 
2.2 0.6 0.25 
112.6 126.2 141.3 
219 155 150 
0.48 0.09 0.04 
0.65 0.11 0.03 
32.7 45.0 60.0 
265 265 265 
0.58 0.16 0.07 
0.79 0.18 0.06 
88.8 129 182.8 
1141 1313 1600 
2.5 0.82 0.4 
3.4 0.95 0.36 
S = Surface area of isopycnal in 1011 m 2; (d�/dz)2 are in units of (�)210−6 m −2 . 
SiO4, NH4 and H2S denote the average concentrations* of nutrient sampled at the isopycnal in micromoles. 
FX +is the product (d�/dz)
2d2C/d�2 in µmoles per m2 x 10−3; 
FX are the respective rates of consumption at the isopycnal in µmol/s x 10
−8 calculated from Eq. (11.1) using the 
eddy diﬀusion coeﬃcients given by Samodurov and Ivanov (1998). The total rates of consumption over each isopycnal 
are obtained by multiplying FX by S. 
*Depth proﬁles are averages from 5 locations (Locations 1439, 1445, 1446, 1462 and 1466 (Brewer, 1971)) over the 
abyssal plain in the central Black Sea where concentrations appeared to satisfy Eq. (10). These averages were smoothed 
using a simple 3-point formula. Smoothed values are shown in Table 2. The second derivatives shown in the Table 
were computed from the smoothed values using standard formulae generated by ﬁtting a polynomial to 5 equally spaced 
(� = 0.05) points (Milne, 1949). Calculations of errors showed no improvement in accuracy to result from the use of 
either smaller intervals of � or of more sophisticated formulae for smoothing or calculating second derivatives. 
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Table also shows the second derivatives of the con­
centrations with respect to water density. (Proce­
dures for the necessary numerical computations are 
indicated in the legend.) Although the concentra­
tions of silicate, ammonium and hydrogen sulphide 
all increase monotonically to reach their maximum 
values at the sea-bed, the 3 depth proﬁles are diﬀer­
ent as is obvious from the marked diﬀerences in their 
second derivatives with respect to water density 
(Table 2). 
In the middle of the Black Sea, above the abyssal 
plain, water density varies very little in the horizon­
tal x or y directions. In order to determine the eddy 
diﬀusion coeﬃcient D� so as to calculate the nett 
rates of formation or consumption in Eq. (11.1) 
one needs to know only the square of the deriva­
tive of water density with respect to depth together 
with the eddy diﬀusion coeﬃcient DZ in the z di­
rection. Table 2 shows the results of computations 
of the square of the derivative of water density with 
respect to depth. ��/�z increases from the surface 
to a maximum in the pycnocline and then dimin­
ishes. As the water density increases from 16.0 to 
17.1 values of (��/� z)2 decrease over 100-fold, be­
coming zero at the sea-bed. Accordingly D� and 
therefore R(C) (Eq. (11.1)) also become zero at the 
sea-bed, and the high concentrations of dissolved sil­
icate, ammonium and hydrogen sulphide observed at 
the base of the water column are due, not to a con­
stant rate of production, R(C), but to equilibrium 
of the chemicals at the sea-bed in the bottom con­
¨ ¨ vection layer ( Ozsoy and Unlu¨ata, 1997) with those 
in the surface sediment. The depth proﬁles of the 
rates of production, R(C), given by the products of 
the second derivatives with (��/�z)2 and DZ are also 
shown in Table 2. The greatest uncertainty in these 
values arises from the uncertainty in our knowledge 
of the magnitudes of the eddy diﬀusion coeﬃcients 
DZ , which vary markedly with depth. As yet we 
have no straightforward experimental routine for de­
termining DZ and we have used the values computed 
by Samodurov and Ivanov (1998) in obtaining Table 
2. Multiplication of the values of R by the areas of 
each isopycnal gives the depth proﬁles of the total 
rates of production. 
Dissolved silicate in the central Black Sea 
From Table 2 one may conclude that in the sur­
face, at water densities of less than 14.5, d2SiO4/d�2 
is negative and dissolved silicate is consumed, pre­
sumably by dinoﬂagellates and diatoms (Grill, 1970; 
Brewer, 1971). At these depths ��/�z and  DZ are 
both of the order of 10−4 m2/s (Brewer and Mur­
ray, 1973) and the rates of consumption may be rel­
atively large. It is diﬃcult, however, to determine 
d2SiO4/d�2 accurately and the stratiﬁed sea model 
may not apply to surface waters. When the wa­
ter density lies between 14.6 and 15.2 d2SiO4/d�2 
is essentially zero and there is no nett rate of dis­
solution or consumption of silicate in this part of 
the water column. When water densities exceed 16.0 
d2SiO4/d�2 is positive and there is continual disso­
lution of particulate silicate, maximum rates of dis­
solution occurring at water densities of about 16.2 
and 16.6 (Table 2). 
At larger water densities the rates of dissolution 
decrease to zero at the sea-bed. As with ammonium 
and hydrogen sulphide the total rate of dissolution 
throughout the Black Sea may readily be calculated 
by integrating the dissolution at each isopycnal over 
depth but this is hardly worth doing until one can 
be certain of the estimates of the eddy diﬀusion co­
eﬃcients. 
Ammonium in the central Black Sea 
Above the pycnocline it is diﬃcult to compute 
d2NH4/d�2 accurately. Below the pycnocline until 
the water density reaches about 16.0 d2NH4/d�2 is 
zero and there is no nett consumption or formation 
of ammonium. When water densities exceed 16.0, 
d2NH4/d�2 increases. The corresponding rate of for­
mation of ammonium increased to a maximum value 
at a water density of about 16.6 (Table 2) and sub­
sequently decreased to zero at the sea-bed. 
Hydrogen sulphide in the central Black Sea 
The second derivative with respect to water den­
sity of the concentration of hydrogen sulphide is zero 
when the water density is less than about 15.9. The 
depth proﬁles show no evidence of either formation 
or consumption of hydrogen sulphide at such water 
densities. When the water density exceeds 15.95 the 
second derivative is positive and nett hydrogen sul­
phide is formed, presumably due to the bacterial re­
duction of sulphate. The rate of formation reaches 
a maximum at a water density of about 16.4 (Ta­
ble 2). At larger water densities the rate decreases 
to a plateau at water densities of 16.6-16.8 and then 
declines to zero at the sea-bed. 
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Nitrate in the central Black Sea 
Figure 5 recapitulates the depth proﬁles of nitrate 
concentrations in the Black Sea during cruises by 
R/Vs Knorr and Bilim together with rough compu­
tations of the second derivatives of nitrate concen­
trations with respect to water density. Nitrate con­
centrations are very low in the surface waters of the 
central Black Sea, increase to a maximum value in 
the pycnocline at water densities of around 15.4 and 
then decline, becoming zero at water densities be­
tween 16.0 and 16.5 so that it is not necessary to 
consider concentrations in the deep anoxic waters. 
Eddy diﬀusion coeﬃcients are not known accurately 
at these depths but the second derivatives of the con­
centrations with respect to water density provide sig­
niﬁcant information. Clearly, in the region of the 
maximum nitrate concentration d2NO3/d�2 is neg­
ative and, in fact Figure 5 shows this second deriva­
tive to be negative throughout the depths in which 
nitrate concentrations are measurable. The obvious 
interpretation is that nitrate concentrations carried 
into the Black Sea by the rivers are mixed rapidly 
along isopycnal surfaces and throughout the ‘nitrate 
region’ the ion is consumed (Eq. (11.1)). To de­
termine the rates of consumption and subsequently 
clarify the processes involved one needs values of DZ . 
Such values are diﬃcult to obtain accurately in the 
pycnocline where DZ changes rapidly. The second 14.5 
derivative of the nitrate concentrations with respect 
to water density changes sign and becomes positive 
only in the tails of the nitrate distribution and only 
in these limited regions is there nett production of 
nitrate. The rate of production will be greater in the 
tail toward the surface since this is where the eddy 
diﬀusion will be greater.	 16.0 
16.5Distribution of bacteria 
chemicals. The formation of hydrogen sulphide and 
ammonium being mediated by bacteria (Price, 1976; 
Jorgensen et al., 1991), one surmises that the rates of 
formation in the water column will be proportional 
to the population densities of the relevant bacteria 
and accordingly these population densities had their 
maxima at water densities of about 16.4 (hydrogen 
sulphide) and 16.6 (ammonium). This suggests a 
direction for future research. If the source of the 
silica which is dissolving is biogenic, that is, if the 
silica is derived from the cell walls of dinoﬂagellates 
and diatoms, one may again suppose the rate of this 
remineralisation to depend on a population of bacte­
ria. However, the silica may dissolve subsequent to 
its formation from clay minerals (Price, 1976). The 
large populations of bacteria adsorbed on the sea­
bed, much larger than the populations in the water 
column (Price, 1976), presumably suﬃce for the re­
actions of dissolution and formation to be suﬃciently 
fast as to generate equilibria at the interface between 
the sediment and the water. 
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This analysis has shown that in the 1970s rates of 
dissolution of silicate and of the formation of ammo­
nium and hydrogen sulphide had maximum values at 
water densities between 16.2 and 16.6. At the bot­
tom of the water column where the concentrations of 
these chemicals were largest, the nett rates of disso­
lution and formation were zero. Clearly, the rates of 
the dissolution and formation reactions had no sim­
ple relationship to the concentrations of the relevant 
17.0 
Figure 5.	 Nitrate (NO3) proﬁle in the central Black Sea 
based on Tug˘rul et al. (1992). 
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Appendix A. 
If C = C(�) (10) and Figure 4.
 
Then �C/�x = dC/d���/�x,, �C/�y = dC/d���/�y and  dC/�z = dC/d���/�z.
 
So that �2C/�x2 = � /�x {dC/d���/�x} = d2C/d�2 (��/�x)2 + dC/d��2�/�x2
 
With similar expressions for �2C/�y2 and �2C/�z 2 .
 
Substituting these expressions into Eq. (9) one obtains
 
dC/dt = [{DX (��/�x)2 + DY (��/�y )2 + DZ (��/�z)2}d2C/d�2+ {DX �2�/�x2 + DY �2�/�y2+
 
� /�z(DZ ��/�z) – u��/�x –v��/�y-w��/�z}dC/d� + R(C) (12).
 
The expression in curly brackets multiplying dC/d� on the right hand side of Eq. (12) is seen to be d�/dt (C
 
= � in Eq. (9)). Thus, the expression yields d�/dt dC/d�, which is dC/dt and cancels with the left-hand side 
of Eq. (12). Hence in the steady state implied by Eq. (10), the velocities u,v and w disappear and Eq. (12) 
simpliﬁes to Eqs. (11.1) and (11.2). 
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